G-CHARACTER VARIETIES FOR G = SO(n,C) AND OTHER 
NOT SIMPLY CONNECTED GROUPS 



ADAM S. SIKORA 

Abstract. We describe the relation between G-character varieties, Xg (T) , 
and G/ff-character varieties, where H is a finite, central subgroup of 
G. In particular, we find finite generating sets of C[X G / H (T)] for clas- 
sical groups G and H as above. Using this approach we find an explicit 
description of C[Xso(4,c) (-P2)] for the free group on two generators, F^. 

In the second part of the paper, we prove several properties of SO(2n, C)- 
character varieties. This is a particularly interesting class of charac- 
ter varieties because unlike for all other classical groups G, the coordi- 
nate rings C[Xg(T)] are generally not generated by r 7 , for 7 6 F, for 
G = SO(2n, C). We prove that for every finite group V, the coordinate 
ring C[-Xso{2n,c)(r)] is generated by r 7 ,v for all 7 £ T and all represen- 
tations V of SO(2n, C). We also prove that this is not the case for n = 2 
and groups V of corank > 2. 



1. Introduction 

Let G will be an affine reductive algebraic group over C0For every group 
T generated by some 71, ...,7jv, the space of all G-representations of T forms 
an algebraic subset, Hom(T,G), of G N on which G acts by conjugating 
representations. The categorical quotient of that action 

X G (T) = Hom(T,G)//G 

is the G-character variety of T, cf. \LM\ IS1| and the references within. 

In this paper, we study character varieties for not simply connected 
groups. In Sections[2]l3]we describe the relations between Xq(T) and X G / H (T), 
for all finite, central subgroups H of G. In particular, we find finite generat- 
ing sets of C[Xq/jj(F)] for classical groups G and H as above, cf. Theorem 
[3l Corollary HI and Proposition Using this approach we find an explicit 
description of C[X so ^q(F2)] for the free group on two generators, F2, cf. 
Proposition [T8l 

In Sections SHTJ we use the above results to prove several properties of 
the SO(2n, C)-character varieties. This is a particularly interesting class 
of character varieties because unlike for all other classical groups G, the 
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coordinate ring C[X(j(r)] does not always coincide with the G-trace algebra 
of T, T G (r), for G = SO(2n,C), cf. [S2]. 

Let us recall the definition of trace algebras. For a representation V of G 
and 7 G T let 

T iy{[p\) = tr{<fop{i)), 
where cfty is the homomorphism T — > GL(V) induced by V. Then r 7i y is a 
regular function on Xg(T). For a matrix group G C GL(n, C), the G-trace 
algebra, 7g(T), is the C-subalgebra of C[X(?(r)] generated by r 7 = r 7) o, 
for all 7 G r. 

Let us also recall from [S2], that the full G-trace algebra, TTg(T), is the 
C-subalgebra of C[Xc(r)] generated by r 7i y, for all representations V of G 
and for all 7 G T. Addressing a question posted in [S2], we investigate the 
extensions 

7sO(2n,C)(r) C J r T S 0(2n,C)(^) C C[X SO (2n,C)( r )]. 

By [S2, Thm 80, C[X 50(2ni c)(r)] is a 7^ (2n,c)( r )- al g ebra generated by 
Q2n(gi, —,9n) for all words gi, ...,# n in 71, ...,jn of length at most v n - 1 in 
which the number of inverses is not larger than the half of the length of the 
word. (See [S2] for the definition of v n .) Here is a stronger version of that 
result: 

Proposition. (See Corollary[TU ) C[X so ^ 2n ,c)(^)] ^ s a Tso(2n,C)(r) -module 
generated by I and by Q 2 n(5i, -,9n) for words g 1 , g n GT in 71, ...,7jv of 
length at most v n — \ in which the number of inverses is not larger than the 
half of the length of the word. 

Furthermore, for finite groups T we have: 

Theorem. (See Theorem\12\.) LetT be finite. If Q n (9i, 9n) ^ for some 
91,..., g n ST then C[X SO (2n,C)(F)] is generated by I and by Q n {gi, 9n) as 
a Tso(2n,c)( T )- modul e- 

Consequently, TT S o(2n,c)( r ) = <C[ x SO(2n,c){T)] for every finite group T. 

The determination of whether the extension TT so(2n,c)(X) C C[Xgo(2n,C)(^)] 
is proper for infinite T is a delicate problem. In particular, by the result of 
Vinberg, [Vi], C[X SO ( 2n ,c)(r)] is the integral closure of TT S o(2n,c)( r ) in its 
field of fractions for T free. 

We analyze this extension in detail for T = F 2 and n = 2 in Sections HE 
In particular we prove: 

Theorem. (See Theorem JJ.) 



(1) C[X SO ( 4jC )(F 2 )] is a T S o(4,c)( F 2) -module generated by 1,Qa{h,h), f or 
1 < i < j < 2, and by Q 4 (7i72, 7172), Q4(7i72~\ 7172 -1 ), Qiilll^ 1 ^2), 
Q4(727i~ 1 '7i)- 

(2) C[X SO (4 )C )(F 2 )] is a TT so ii,C){ F 2) -module generated by 1, (54(71,72), 



2 A partial version of this result (with infinite generating sets) can be also found in 
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Q 4 (7i72 1 >72), and Q 4 (727i 1 ,7i)- 

(3) None of the generators of part (2) can be expressed as a linear combina- 
tion of others with coefficients in J~T so(i,C){^2) ■ Consequently, 
FT 'so(4,c)( F 2) £ <C[X so ^ C )(F 2 )}. 

Consequently, for every group T of corank > 2 (i.e. having F 2 as its quo- 
tient), ^Tso(4,C) CO i s a proper subalgebra of C[Xsqu£\(T)], cf. Corollary 

ESI 

2. The relation between X g (T) and X G / H (T) 

Let Hom°(T, G) denote the connected component of the trivial represen- 
tation in Hom(T,G). Let X G (T) denote its image in X G (T). 

Let H be a finite, central subgroup of G. Then Hom(T, H) acts on 
Hom(T, G) by multiplication, 

a-p(j) = <t(t) - pin), 

for 7 G r. Let Hom'(T, H) be the set of elements of Hom(T, H) which map 
Hom°(F,G) to itself. 

Proposition 1. (1) The projection G -4 Gr/iJ induces an isomorphism 
4> : Horn (T,G)/ Horn' (T,H) -4 Hom°(T,G/H). 

(2) Furthermore, 4> descends to an isomorphism ip : X G (T)/Hom'{T,H) — > 

Proof. (1) Since the extension {e} — > H — > G — > G/H — > {e} is central, it 
defines an element a G H 2 (G, H) such that f :T ->G/H lifts to / : V -t G 
if and only if f*(a) = in H 2 {T,H), cf. (HHl Sec. 2]. Since H 2 (T,H) is 
discrete, the property of / being "liftable" is locally constant on HomiY, G) 
(in complex topology). Since the trivial representation is liftable, the above 
argument shows that G -» G / H induces an epimorphism Hom°(T,G) — > 
Hom°(r,G/H). That epimorphism factors to 

<f> : Hom°(T,G)/Hom'(T,H) -4 Hom°(r,G/H). 

Since any two representations in Hom°(T, G) projecting to the same repre- 
sentation in Hom°(r,G/H) differ by an element of Hom'(T,H), cj) is 1-1. 

(2) follows from the fact that the action of Hom'(T, H) on Hom°(T,G) 
commutes with the G-action by conjugation. □ 

Proposition 2. The projection G —> G/H induces an isomorphism 
V> : X G {F N )/H N -4 X G/H {F N ) for free groups, F N . 

Proof. For G connected, Hom(F]\f,G) = G N is connected and, hence, the 
statement is an immediate consequence of Proposition [TJ Observe, how- 
ever, that the only reason for considering a specific connected component of 
HomiT ,G / H) was to make sure that representations V — > G/H are liftable 
to G. Since all representations are liftable for T free, the proof above implies 
the statement of this proposition as well. □ 
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3. Finite generating sets of C[X G / H (T)] 

Let us assume that H is a cyclic group of order m of scalar matrices in a 
matrix group G. We will apply the above results to provide finite generator 
sets for the coordinate rings of G/ff-character varieties. Since for every V 
the natural projection 

vr : F N = (71, ...,7at) ->■ T 

induces an epimorphism 

n*:C[X G/H (F N )]^C[X G/H (T)}, 

we will construct finite generating sets of C[X G / H (T)] for free groups V only. 

Given 7 S F/v = (71, ■ •■,7jv} ) let ^(7) be a vector in (Z/m) 7V , whose i-th 
component is the sum (mod m) of exponents of ji in 7. 

Theorem 3. (1) If g%, g^ are elements of F^ such that Yli=i v {9i) = 0> 
i/ien there exists a unique X gi> ... >gk : X g / h (Fn) — > C suc/i i/iai 
r 9i ' •■• ' r 3fc = w/iere i 3 '■ x g(Fn) -> X G/H (F N ) is the map of 

Proposition [H 

(2) Suppose that C[X g (Fn)] is generated by r g , for g's in a set B C F/y. 

Let M. be the set of all X gi ,..., gk for gi, ...,gk G B and Yli=i v (dk) = 0. Then 
C[X g / h (Fn)] is generated by JVl. 

Proof of Theorem 0- (1) It is easy to see that for each gi,...,gp. such that 
Y<i=i v (9i) = 0, T gi -...-T gk is H N invariant. Hence, r gi -...-T 9k G C[G N ] GxH 
and, by Proposition [2j it defines a function X gi ,..., gk in C[X G /^(F/v)]. 

(2) Since r s generate CfG^] , for g £ B, every / € C[X G/H (F N )} = 
C[G N f xHN can be written as 

s 

/= J>> 

1=1 

where each /j is a monomial in r g , for g £ B. Let be the smallest such 
s for given /. 

We prove the statement of the theorem by contradiction. Suppose that 
there is an element of C[G N ] GxH which is not a polynomial expression 
in elements of Ai. Choose such / with s(f) as small as possible. Let / = 
Ylt=i fi b e a corresponding decomposition. A generator h of H acts on 
each fi by a scalar multiplication. Let h ■ fi = Ci ■ fi. Then c s 7^ 1, since 
otherwise f s G M. and f — f s is an element not generated by M. with 
s{f ~ fs) < s = s(f). Since 

s 

f = h- f = ^Cj/i, 

i=l 

s 

Csf - f = C s f ~^Cifi 
i=l 
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and, hence, 

1 «(/)-! 
/ = 7 V] {Cs ~ Ci)fi, 

contradicting the minimality of s(/). □ 

Since M. contains \ gi ,...,g k for an arbitrarily long sequences gi,...,gi c , the 
set M is usually infinite. We are going to reduce it to a finite generating set 
now. 

Let V(m, N) be the set of all multiset^ {y\, v 2 , •••,i>fc} of vectors in (Z/m) N , 
such that X)i=i v i = 0, but no proper, non-empty submultiset of {v\, —,Vk} 
adds up to 0. Let M! C M. be composed of functions A 9lv .. i9fe such that 
91) •••,5 f fc G -B and {v(gi), ...,v(gk)} G V(m,iV). Since every element of .M is 
a product of elements in M.', we have 

Corollary 4. CpTgy^F/v)] is generated by the elements of M! . 

V(m, N) is finite and, consequently, M! is finite as well. Indeed, we have: 

Proposition 5. The sequences in V(m,N) have length at most m . 

Proof. Suppose that {v\, v 2 , «&} £ V(m, iV). Then ^!=i 7^ in (Z/m)^, 
for all / = 1, fc— 1. If fc > m , then X^jLi v i = Y^i=i v i 101 some h < ^2 < k 
and£iLi 1+ i«* = 0. ~" □ 

For example, V(2, 2) is composed of five multisets: {(0, 0)}, {(1, 0), (1, 0)}, 
{(0,1), (0,1)}, {(1,1), (1,1)}, {(1,0), (0,1), (1,1)}. ' ' 

The length of the longest sequence in V(m, N) is called the Davenport 
constant for the group (Z*/m) N . No explicit formula for it is known. How- 
ever, it is known that 

N(m - 1) + 1 < d(m,N) <(m- 1)(1 + (N - l)mlnm) + 1 

and, furthermore, the equality on the left holds for m prime (and any N) 
and for N = 2 (and any m), [GLP] . 

Corollary 6. Since C[X SL%C) (F 2 )\ = C[r 71 

generated by g\ = r^, g 2 = r 72 , g 3 = r^ l72 and g^ = t 71 t 72 t 7172 . It is easy to 
see that g\g 2 g3 — g\ generates all other relations between these generators. 
Therefore, 

Xp S L(2,C)( F 2) = £[91,92,93,94]/ (919293 -gf)- 

PSL(2, C)-character varieties were studied in further detail in [HP]. 

Example 7. SO(4,C) = (5L(2,C) x 5L(2,C))/(Z/2Z) and 50(6,C) = 
SL(4, C)/(Z/2). Therefore, the method of this section provides generating 

"A multiset is a "set" in which an element may appear more than once. 
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sets of coordinate rings of SO {A, C)- and SO(6,C)- character varieties, al- 
ternative to those obtained in \S2\ Theorem 8]. We will discuss S'0(4, C)- 
character varieties in further detail in Sec. 

Corollary |4] provide finite generating sets of coordinate rings of G/H- 
character varieties for G = SL(n, C), Sp(2n, C), and SO(2n + 1, C). (In the 
last two cases, H is either trivial or H = {±1}.) The case of G = SO(2n, C) 
is not much different. In this case, the coordinate ring C[Xc(r)] is generated 
by r g , for g in some B C T, and by Q 2 n(5 r i, ■•, g n ), for gi,...,g n in some 
B' C T, c.f. (SU Thm. 8]. We say that r 9 has weight v(g) G (Z/2) N and 
that Q.2n(gi, -,9n) has weight v(gi) + ... + v(g n ). 

The only non-trivial central subgroup of SO(2n, C) is H = {±1} and for 
PSO{2n, C) = SO(2n, C)/H we have 

Theorem 8. C[Xpso(2n,C)(FN)] is generated by monomials in the above 
generators of C[Xso(2ti,c)(^n)] of total weight in (Z/2) N . 

The proof is a straightforward adaptation of that of Theorem [3l □ 



4. Trace algebras and full trace algebras for G = SO(2n,C) 

The following theorem provides a useful description of the extension 
7so(2n,c)(T) C C[X SO (2n,c)(T)]- Let M be any 2n x 2n orthogonal matrix 
of determinant —1. Then conjugation by M determines a transformation a 
on X SO (2n,c)(T)- Since M 2 G S'0(2n,C), <r is an involution. Furthermore, 
since every two matrices M (as above) are conjugated one with another by 
a matrix in SO(2n, C), the involution a does no depend on the choice of M. 

Theorem 9. (1) 7^ (2n,C)( r ) = C[X 50 ( 2niC )(r)] fT (the a -invariant part of 
C[X so{2ntC) (T)}). 

(2) o-(Q 2n {gi, -,g n )) = -Q2n(gi,-,g n ), for any gi, ...,g n G T. 

(3) For every epimorphism (ft : T — > Z and for every 7 £ T with </>(7) 7^ 0, 

Q 2 n(7,- ! 7) T 50 (2n,C)( r )- 

Proof. (1) Consider the action of Z/2 = {l,c} on ^s , o(2n,c)(r)- The em- 
bedding 77 : X5 ( 2ni <c)(r)/Z/2 X ( 2nj c)(r) induces an epimorphism 

V* ■ C[X 0{ 2n,C)(n -> c[x so(2niC) (r)] CT . 

By [FLl Thm A.l], [HU Thm 5], C[X 0(2ni c)(r)] is generated by r 7 's. Since 
r/* maps r 7 G C[X ( 2ri C )(r)] to r 7 G C[X 50 ( 2n .c)(r)], the statement follows. 
(2) It suffices to show that for any 2n x 2n matrices X±, ...,X n 

Q 2n (MX 1 M T ,...,MX n M T ) = -Q2n(X 1} ...,X n ). 

Furthermore, by [S2, Prop. 10(2)], it is enough to assume that X\ = ... = 
X n . Hence, by [S2| Prop. 10(1)], this equality reduces to 

Pf(M(X - X T )M T ) = -Pf(X - X T ), 
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[Pf denotes the Pfaffian), which follows from the fact that 

Pf{M{X - X T )M T ) = Pf(X - X T ) ■ Det(M). 

(3) Let us consider the SO(2n, C)-character variety of Z first. By [S3] . 

C[X so{2n)C) (Z)} = C[xf\ ...,xt\ (xi ■ ... ■ x n )^] w , 

where W is the Weyl group of SO(2n,C) acting on x±,...,x n by signed 
permutations with an even number of sign changes. By [S3, Lemma 7.4], 
Q2n(k, k) corresponds to 

n 

For k ^ 0, this expression does not vanish in Cfx^ 1 , x^ 1 , (x\ ■ ... ■ x n )2] w . 

Since the induced projection : C[X so(2n ,c)( r )] -> C[X SO ( 2n) c)(Z)] 
maps Q2n( r 7, —,7) to Q2n(k, fe) / 0, the element Q2n( r 7, ■■■,1) is non-zero 
and, hence, by Theorem |9](2) , it is not a-invariant. Now the statement 
follows from Theorem [9^1). □ 

Corollary 10. (1) For any g u g n , g[, g' n G V, 

Q2n{gi, gn)Q2n(g[, g' n ) £ 7so(2n,c)(r)- 

C[X SO ( 2Tlj c)(r)] is a T S o(2n,c){^) -module generated by 1 and by Q 2n (gi, g n ) 
for words g±, ...,g n G T in 71, ...,7jv °/ length at most v n — 1 in which the 
number of inverses is not larger than the half of the length of the word. 

Proof. (1) Since by Theorem [9](2), the product of any two Q's is <r-invariant, 
the statement follows from Theorem [9^1). 

(2) follows from part (1) and from \S2\ Thm 8]. □ 

Proposition 11. For every group T, the full trace algebra PTso(2n,C)0^) 
is a 7so(2n,c)(T) -module generated by 1 and by Q2n{l, ■••>7) for 7 G T. 

Proof. By |FrH Sec 23.2], the representation ring of 50(2n,C) is generated 
by the exterior powers, A fc V, of the defining (2n-dimensional) representation 
V and by the representations D+ , D~ , whose highest weights are twice that 
of the ±-half-spin representations. (The last two representations are denoted 
by D± in [S2].) 

For every M G M(2n, C) with eigenvalues Ai, A2n> the induced trans- 
formation on A k C 2n has trace ^«i< <i fc ^ii " ••• ' ^ik-> wri ich is a polynomial 
in tr(M d ) for d = 1,2,3,... That polynomial depends on k only. There- 
fore, for every k, T lA h V G 7^ (2n,c)( r ), implying that .FTso(2n,C) (r) is a 
7so(2n,c)(r)-algebra generated by r D ±, for 7 G T. Since + D~ is a 
polynomial in V, cf. (FHJ Sec 23.2], r 7>D + + r 7>£) + G PT S o(2n,c)( r ) and , 
consequently, .FT,so(2n,C) ( r ) is generated by expressions t^^ d + -r^ D +. By 
[S2l Prop 10], 

\Di~\Di = (2i)-"(n!)- 1 Q 2ri (7,...,7), 
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implying that Q2 n {l, 7)> for 7 G I\ are 7so(2n,c)(r)- a lg eD ra generators 
of J r 7 _ 50(2n,C)(r)- Now the statement follows from Corollary 110(1). □ 

Theorem 12. Lei T be finite. If Q n (gi, ...,g n ) ^ /or some gi,...,g n £ T 
t/ienC[X 50 ( 2n C )(r)] is generated by I and by Q n (gi, g n ) as anT S o(2n,c)( r )- 
module. 

Consequently, FF S o(2n,c)(X) = C[X SO ( 2 n,c)( r )] for ever y finite g rou P r - 

Proof of Theorem UM Let "7so( 2n <c)(r) be the 7s i o(2n,c)(r)-submodule of 

C[^so(2n,c)( r )] generated by 1 and Q n (gi,...,g n )- It is a 7^ (2n,c)( r )- 
algebra by Corollary [Told ). 

Since for every p : F — > SO(2n, C), -ff 1 (r, AcZp) = 0, -X"so(2n,C) (r) is 

a discrete set, by [Sit Cor. 45(2)], and, hence, it is finite. Denote its 
cardinality by s. 

Consequently, Tso(2nC)^) ~ ^ or some t < s. Now, the equality 
Tso(2nC)(^) = C* = C s = C[X5 (2n,c)(r)]; follows from the the lemma 
below. □ 

Lemma 13. The elements ofTg ^ 2n c)(r) distinguish the points of Xgo(2n,C)(^)- 

Proof. Since the 0(2n, C)-character varieties coincide with their trace al- 
gebras, any two points [pi], [p?] of X SO (2n,c)(^) which are not equal in 
^0(2n,c)( r ) are distinguished by some r 7 . If [pi] / [p 2 ] in X so(2n)C )(r), but 
[pi] = [P2\ in ^50(2n,c)( r )> then [p 2 ] = a[pi], and, consequently, [pi],[p 2 ] 
are distinguished by Q n (gi, ■■•,5n) J by Theorem [9)^2). □ 

Let us analyze the extensions FT so(2n,C)(r) C C[Xs0( 2 n,C)(r)] in further 
detail now for T = i^ 2 and n = 2: 

Theorem 14. (Proof in Sec. [6] and[?|,) 

fij C[X 50 ( 4jC )(F 2 )] is a Tso(4,c)( F 2) -module generated by 1, £4(7*, 7j)> / or 
1 < i < j < 2, and by Q 4 (7i72, 7172), ^^^^ 7l7;T 1 ); <34(7i7 2 ~ 1 > 72), 
Q4(727r 1 ,7i)- 

(Kj C[X 50(4)C )(i ; 2 )] is a JT 50(4,0) (-^2) -module generated by 1, Q4 (71*72), 
Q 4 (7i72~ 1 >72), a«d Q 4 (727r 1 >7i)- 

(3) None of the generators of part (2) can be expressed as a linear combina- 
tion of others with coefficients in FT s o (4, C)(-^2)- Consequently, 
FT 'sO{i,C){ F 2) £ C[X 50 ( 4iC )(F 2 )]. 

Corollary 15. For every group V of corank > 2 ('i.e. having Fi as its 
quotient), FFso(4,C)(^) * s a proper subalgebra of C[Xgou,c){F)]- 

Proof. The statement follows from the fact that every epimorphism 
4> : r — > F 2 induces an epimorphism 0* : C[X 50 ( 4)C )(r)] — > C[Xs ( 4)C )(.F 2 )] 
mapping FT so(4,c)( r ) to JTso (4,C) (^2)- □ 
Conjecture 16. For every n > 2 and every group T of corank > 2, FFso(2n,C)(J^) 
is a proper subalgebra of C[Xgo(2n ,C)(r)]- 
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5. A PRESENTATION OF C[X so ^q(F 2 )} IN TERMS OF GENERATORS AND 

RELATIONS 

There is a natural isomorphism 5L(2,C) x 5L(2,C) — > Spin(4,C) induc- 
ing the epimorphism 

(1) <p : SL(2, C) x SL(2, C) ->• 50(4, C) 

with the kernel {(/, I), (-J, —I)}, [GOVl Ch. 3.§2 Example 2]. This epimor- 
phism can be defined as follows: Consider the action of 5L(2, C) x SL(2, C) 
on C 2 (8> C 2 = C 4 by matrix multiplication. That action preserves the sym- 
metric, non-degenerate product 

((ui,u 2 ), (vi,v 2 )) = det(u 1 ,v 1 )det(u 2 ,v 2 ), 

where det(u, v) is the determinant of the 2x2 matrix composed of vectors 
u and v. Consequently, it induces the desired epimorphism (f>. 
Consider the following orthonormal basis of C 2 ® C 2 : 

wi = —j={e\ <g> e% + e 2 <g> e 2 ), w 2 = -4=(ei ® e.\ - e 2 <8> e 2 ), 
v 2 v 2 

IW3 = "y|( e i ® e 2 + e 2 ® ei), = "^7|( e i ® e 2 - e 2 <8> ei), 

where ei = (1,0), e 2 = (0,1). A direct computation (which will be useful 
later) shows that for 

((*;), (M) G ^(2,C) x 5L(2,C), 

<j)((aij), (bij)) is given by the following matrix with respect to the above 
basis: 

(2) <KK),(M) = 

(lll&ll + 012&12 + O21621 + 122&22 ion&n — 40i 2 6i2 + 4021621 — 4022&22 

— ia\\b\\ — 4012612 + 1021621 + 1022622 111611 — 012612 — 021621 + 022622 
—4021611 — 1022612 — 4011621 — 1012622 021611 — 022612 + 011621 — 012622 
—021611 — 022612 + 011621 + 012622 —4021611 + 1022612 + 4011621 — 4012622 

4012611 + 4011612 + 4022621 + 4021622 —012611 + 011 612 — 022621 + 021622 
012611 + 011612 — 022621 — 021622 4012611 — 4011612 — 4022621 + 4021622 
O22611 + O21612 + O12621 + On6 2 2 4022611 - 40 2 l6i2 + 4012621 - 40H&22 

—4022611 — 4021612 + 4012621 + 4011622 022611 — 021612 — 012621 + 011622 

We are going to use the above description of 50(4, C) and the method of 
Sec. [2] to find a presentation of C[Xso(4,c)(F 2 )} in terms of generators and 
relations. 

By Proposition [2l 

^50(4,0(^2) = (X SL (2,c)(F 2 ) x X 5L(2jC) (F 2 ))/(Z/2 x Z/2). 

The above action of Z/2 x Z/2 on -^sx(2,c)C^2) x X SL ( 2 ^(F 2 ) can be de- 
scribed as follows: (ei, e 2 ) S {±1} x {±1} = Z/2 x Z/2 sends the equivalence 
class of p : T — >■ SL(2, C) x SL(2, C) to the equivalence class of p' such that 

p'ili) = {£iP'i(li),£ip' 2 {ji)) 
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for i = 1,2. 

Let us abbreviate the generators r 7l , t 72 , t 7i72 of C[X SL ( 2 ^(F 2 )] by Ti,T2,Ti2- 
(Hence, CfXj^^c)^)] = C[ti, r2, Ti2]-) We will denote the generators of 

C[X 5L(2jC) (F 2 ) x X 5L(2iC) (F 2 )] = C[X SL{2jC) (F 2 )] <g> C[X SL{2>C) (F 2 )] 

by T"i,j, T 2j j, Ti 2j j, where i = 1,2 indicates the first or the second copy of 

C [ X SL(2,C)( F 2)}- 
Corollary 17. 

C[X so(4jC) (F 2 )] = C[X 5L(2iC) (F 2 ) x X 5L(2iC) (F 2 )f / 2xZ / 2 
is generated by 

ai,j,k = n,jT itk , b j>k = Ti2,jT 12 ,k, for i,j, k = 1,2 where j < k, 
and by 

Ci,j,k = Ti,iT2,jT 12 ,k, for i,j, k = 1,2. 
Proposition 18. C[X S q^^(F 2 )] is the quotient of the polynomial ring in 
the above 17 generators aij t k,bij,Cij t k by the ideal generated by 

a-i,j,kO'i,j',k' — a i,j,j'a'i,k,k', bj^bj'^' — bjj'bk^k', c i j ) k-Ci>j' ) k' — 0'i,i,i' a 2,jj'bk,k'i 

a l,j,kCi,j',k' — a l,i,kCj,j',k', 02,j,kCi,j',k> ~ a 2,j',kCi j,k> , &j,fcCi,j',fc' ~ bj >k >Ci,j>,j > 

w/iere a ii2i i = 04,1,2 and b 2 ,i = h j2 . 

Proof. Since all Tj^'s and 7~i2,i's are algebraically independent, all relations 
between the generators of C[X so ^q(F 2 )] follow from different decomposi- 
tions of monomials in r's into products of a's, 6's, and c's. It is straightfor- 
ward to check that any two such decompositions are related by the relations 
listed above. □ 

6. Proof of Theorem [UK 1) and (2) 

Consider the isomorphism : SL(2, C) x SL(2, C))/{±(/, /)} 50(4, C) 
of Sec. [5j 

(10 o \ 
q q J o I ' ^ en ^ e involution a on 5*0(4, C), 
ooo -1/ 

cj(X) = M-X-M- 1 , satisfies o-<p(A,B) = <p(B,A) for any A,B G ST(2,C). 
Proof. Since 

d = (J and C 2 = (J ^ 

generate <SX(2,Z), which is a Zariski-dense subgroup of SL{2, C), and since 
cr is an algebraic group automorphism, it is enough to verify the statement 
for (A,B) = (Ci,Cj), i,j = 1,2. A substitution of {C h Cj) into © yields 

/ 3 -i 2i \ 
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#c 2 ,ci) = - ( ; -- i; | . mc+(+) 

Since 



'10 o o\ 
0-100 
0-10 

vO 1, 



a 



£11 £12 £13 £14 \ / £11 £12 £13 — £14 

£21 £22 ^23 %24 J _ I %2l %22 %23 -^24 

£31 Z32 £33 £34 I I £31 £32 £33 —£34 

£41 £42 £43 Z44 / \ -£41 —£42 —2:43 ^44 



we easily see that (j>(C\,C\) and (ft(C2,C2) are <7-invariant, while 
o{4>{C u C 2 )) = ( p{C 2 ,C 1 ). □ 

Corollary 20. a(a i;j>k ) = a^ y cr(b jik ) = b-. y cr(qj >& ) = qy^, where 1 = 2 
and 2 = 1. 

Lemma 21. 7/ct is an involution on a commutative C-algebra R generated 
by n,...,r s , then 

(1) R a is generated by pi = + cr(r-j) and by qiqj, for i,j = 1, ...,s, where 
qi =n- a(ri). 

(2) As an R° -module, R is generated by 1 and by qi for i = 1, s. 

Proof. (1) Since p^'s and q^s form a generating set of R, every element 
r 6 i? 17 is of the form r = ^ fc where m^'s are monomials in p^s and (?j's. 
Clearly am = ±m for every monomial m in that polynomial. By replacing 
r by £±p: if necessary, we can assume without loss of generality that all 
monomials, m k , are cr-invariant. Therefore, they are products of p^s and 

(2) Clearly R is generated by q^s as an i?°"-algebra. Since qiqj G the 
algebra is generated by 1 and by q^s as an i?°"-module. □ 

By Theorem [9^1), Corollary 1201 and the above lemma, we have 

Corollary 22. (1) As an 7so(4,C)(-^2) -module, C[X so(4,C)(-f2)] ^ s generated 
by 

to = 1) h = c l,l,2 — c 2,2,l, *2 = £1,2,1 — C2,l,2, *3 = c l,2,2 ~ c 2,l,l, 
tA = "1,1,1 — a l,2,2, *5 = 02,1,1 — a 2,2,2, ^6 = &1,1 _ ^2,2, h = Ci,i,i — C2,2,2- 

(This specific order ofti's will prove convenient later.) 
(2) As a C-algebra, 7so(4,C)(-^2) is generated by 

Oi,i,i + aj,2,2, 04,1,2, fori = 1,2, b lj2 , 61,1 + 62,2, 

c l,l,l + c 2,2,2j Ci,i,2 + C2,2,l, Cl, 2 ,l + C2,l,2, C+2,2 + c 2,l,l, 

and fry t/ie products tjt k , for j,k = 1, 7 

Lemma 23. Q 4 (51,52) = 4(T sl , 2 r 92 ,2T 9l92 ,i-T 9l ,ir 92 ,iT 9l92 ,2) in C[X so{ 4, c) (F 2 )]. 

Proof. A computer algebra system computation based on the definition of 
Q4(-, •) and on formula (jSJ). □ 
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In what follows, we use two classical identities: 

T Q- 1 = T 9 and T 9 Th = T 9 h + T 9h- 1 

for T g ,T h e C[X SL (2,C)(T)]- 
By the lemma above, 

Qii9,9) = 4(r g 2 2 V il -r g 2 lVj2 ) = 4(r 9 2 2 (r s 2 1 -2)-r 2 1 (r 2 2 -2)) = S^-x^). 

Consequently, 
(3) 

*i = -^(34(71,72), *4 = g<34(7i,7i), *5 = g<24(72,72), *6 = -Q4(7l72,7i72)- 
Since 

^Q4(727r 1 >7l) = T 727 -l j2 n,2T2,l - ^-1^X1,175,2 = 
(t"i,272,2 - ^12, 2)^1,2X2,1 - (7-1,1X2,1 - 7i2,l)xi ) iX 2 ,2 = 
72,lX 2 , 2 (x 2 2 - X 2 X ) - (xi,2X2,lXl2,2 ~ 71,1X2,2X12,1) = — ^2,1,2*4 + *2, 

we have 

(4) *2 = |Q4(727f 1 ' 7l) + 02,1,2*4- 

Analogously, 

(5) *3 = -^<34(7i7 2 ~ 1 > 72) - ai, 1,2*5 
and, finally, similar computations show that 

t 7 = - (£4(02,1,1 + 02,2,2) + *s(ai,l,l + a i,2,2)) + - ^<34(7i72~ 1 ,7i72" 1 )- 

Corollary 1221(1) together with these identities implies part (1) of Theorem 
[T4"l Now, part (2) follows immediately from part (1) and from Proposition 
Q3J □ 

7. Proof of Theorem [T4T3) 
We proceed the proof with several preliminaries. 

Lemma 24. The following identities hold in C[X S q^q(F2)] for every 7 G 
F 2 : 

(1) x 7 = Xy,i • Xy,2. (As before, r 7 is an abbreviation for t 7jC 4, where C 4 is 
the defining representation of SO (A, C).) 

(2) One of x n+, T ~ n - equals to x 2 i — 1 and i/ie of/ier to x 2 9 — 1. 

Proo/. (1) Let vr* : SL(2, C) x 5L(2, C) -»• SL(2, C) by the projection on the 
i-th factor, for i = 1, 2. Then 7Ti (8) 7r 2 is an irreducible 4-dimensional repre- 
sentation of SX(2,C) x SL(2, C). Since it sends (— /, —J) to the identity, it 
factors to an irreducible 4-dimensional representation of SO (4, C). Since the 
defining representation is the only irreducible 4-dimensional representation 
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of 50(4, C) (up to conjugation), Trir\ 0tt 2 (A 1 ,A 2 ) = Tr(^(A 1 ,A 2 )) for 
every Ai,A 2 G <SX(2,C), where <p is the representation ([I]). Since 

Trvri ® tt 2 (A 1 ,A 2 ) = TrA x ■ TrA 2 , 

the statement follows. 

(2) Let rj be an irreducible 3-dimensional representation of SL(2, C). (77 
is unique up to conjugation.) It is easy to see that rjivi and r]7r 2 factor to 
two nonequivalent irreducible representations of 

50(4, C) = (5L(2,C) x SL(2,C))/±(I t I). 

By the classification of representations of /SO (4, C) (as described in the 
proof of Proposition [TTj) the only irreducible 3-dimensional representations 
of 5*0(4, C) are and D~^. Since Trr](A) = (TrA) 2 — 1, the statement 
follows. □ 

Proposition 25. (1) t^t^, ^,1^,2, ti 2! iTi 2j2 , r 1}i T 2; iT 12)i , forij G {1,2}, 

n,iT2,27i2,i + ti i 2t 2 ,iti2,2, n,i r 2,2n2,2 + n^Tvn^ij 

and 

Tl,l T 2,l T 12,2 + Tl,27"2,2T"12,l 

belong to FT 'so(±,C)( F 2) ■ 

(2) FTso(i,C)(T 2 ) is generated by the above elements as a C-algebra. 

Proof of Proposition [25^1): r?j, rf 2 i , t^it^, Ti2,iTi 2) 2 G •7 r Tso(4,C)(- F 2) by 
Lemma [Ml 

By squaring both sides of 

T 7?72 = r lTl2-T 2 

we obtain 

1 / 2 2 2 2\ 

rir 2 ri2 = -- - 7iT 12 - r 2 J 

in C[X SL ( 2tC) (F 2 )}. Therefore, n^iT^i G (4,C) (^2), for i = 1,2, by 

the Lemma I24T2). Similarly, by applying 7 = 7^72 to Lemma I24T1). we see 
that 

Tl, 1 T 2, 2^12,1 +Tl,2T"2,m2,2 = Tl,l7"l,2Tl2,lTl2,2 + 7"2,l r 2,2 ~ T^^T,^^ 

belongs to .FT so(4,C)(-^2) as well. In the same vein, we prove that 

Tl, 1T 2 , 2^12,2 + n,2T"2,in2,l, ^1^2,1712,2 + 71,2X2,2^2,1 G FT S0(A,C) (T 2 ) 

by taking 7 = 71 7I and 7 = 7-f 1 72, respectively. □ 

In order to prove part (2) of Proposition [25] consider a Z/2 x Z/2 action 
on X SL(2iC) (F 2 ) defined for (k\,k 2 ) G Z/2 x Z/2 by (fci, A; 2 ) • [p] = [//], where 
p'ili) = ( — l) fci P(7i)5 fo r i = 1) 2. That action defines a Z/2 x Z/2-grading on 
R = C[X SL ( 2 ^(F 2 )], whose homogeneous components we denote by Rij, 
i,j G Z/2. More concretely, the elements / G Ri,j, for i,j G {0, 1}, have the 
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property that (1,0) • / = (-1)7 and (0,1) • / = f for i,j G Z/2. In 

particular, deg{j\) = (1,0), deg{r 2 ) = (0,1) and deg(T\2) = (1,1). 
The following is straightforward: 

Lemma 26. Rq^ = C[rf , r| , rf 2 , T1T2T12] and, as Ro^-modules, 
Ri t o is generated by t\ and T2T12, 
i?o,i 2s generated by T2 and T\T\i, and 
Ri,i is generated by t\i and T\Ti- 

Let Ro,o,i be the subalgebra of C[Xgo(4,C)C^2)] generated by the gener- 
ators of i?o,o with the second index i: ^? j> i> r i2 i> r M T2 i« ri2 >« f° r i = 1,2. 
Similarly, let -Ri,o,fe be an i? ,o.fc- m odule generated by and T 2) fcTi2 i fc, let 
-Ro,i,fc be an i?o,o,fc- m odule generated by T2,fc and ri^r^fc, and let Ri t i,k be 
an i?o,o,fc-module generated by Ti2,k and T\^T2jz- 

Proof of Proposition 1257 2): We need to prove that FT soU,C){F 2 ) C 5, 
where 5 denotes the C-subalgebra of C[Xso(4,c)(-^2)] generated by the ele- 
ments listed in part (1). 

Proof that D ± S S for every 7 6 F 2 : By Lemma I24T 1). D ± = — 1 

for 2 = 1 or 2. Since t 7 is invariant under the Z/2 x Z/2 action, r 7 6 i?o,o and 
r n ± G Rooi- Since i?oo 1 an d -R002 are subalgebras of S, the statement 
follows. 

Proof that t 7 6 5 : Consider the epimorphism 7/ : F 2 — >• Z/2 x Z/2 sending 
71 to (1,0) and 72 to (0, 1). Since (1,0) • r 7 G C[X SL ^ 2 ,C)(^2)] is either r 7 or 
— r 7 depending on the first component of 77(7) and (0, 1) • t 7 is either t 7 or 
— r 7 depending on the second component of 77(7), we see that r 7 6 -^(7) f° r 
every 7 G F 2 . 

For every 7, consider a three- variable polynomial p such that t 7 = p(r\, r 2 , t% 2 ). 
By Lemma [24Tl). t^^a = r 7j i • r 7i 2- The following lemma completes the 
statement of Proposition 125(2). □ 

Lemma 27. For every p as above, p(ri } i, r 2 ,i, ti 2 ,i) • p( r i,2> ^2,2, Ti2,2) G 5. 

Proof. We consider the four possible values of 77(7). If 7/(7) = (0,0), then 
the statement is obvious since -Ro,o,i, -^0,0,2 C S. If 77(7) = (1,0), then 
p{t\,i, T"2,iTi2,i) ■p(ti j 2,T2,2Ti2,2) belongs to an S'-module generated by 

n,in,2, T-2,l7"l2,lT2,2n2,2 and Ti i iT2 i2 Ti2,2 + Ti i2 T2 i lTi2,l. 

All these elements belong to S. One can perform a similar verification for 
t;( 7 ) = (0,1) and for (1,1). □ 

Proof of Theorem 114( 3) : Define a Z>o-grading on C[rjj, ti 2 j, i, j = 1, 2] 
by declaring that all Tjj's and Ti 2 ,j's have degree 1. Note that CLY^^c^i^)] 
is a graded subalgebra of C[rij, ti 2 j, i,j = 1,2]. Since the generators of 
FT so{A,C){F2) of Proposition 1251 are homogeneous, J 7 ?" #0(4,0) (-^2) is in turn 
a graded subalgebra of C[X so ^^(F2)}. 
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Suppose Q4(727f 1 , 7i) is a FT so (4,c) (-^2 )-linear combination of 1, Qa{h, 72) 
Q4(7i72~ , 72)- Then from equalities d3J), (HJ), |5}, we see that £3 is a FTsou,C) (-^2 
linear combination of to , ti , t2 • Since de<? (to) = 0, cteg(ti) = degfo) = deg(t^) = 
3 and •FT ( sro(4 J C)(-f 1 2) is graded, t 3 = c to + citi + c 2 t2, for some c , ei, c 2 G 
FT so{a,c){F2) such that deg(co) = 3 and deg(c\) = deg{c2) = 0. There- 
fore, a non-trivial C-linear combination of ti, t 2 , £3 belongs to TTso(4,C) (-^2)- 
Since such linear combination is a homogeneous element of degree 3, it has 
to coincide with a C-linear combination of the generators of C[Xs ( 4iC )(.F 2 )] 
of degree 3 listed in Proposition [25j It is easy to see that it is impossible, 
since Tjj's and Ti2,j's are algebraically independent. 

The proof of the non-redundancy of the other three generators of Theorem 
HIT 2) is analogous. □ 
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